Let m , n be two positive integers, m ≤ n. An m-near-Skolem sequence of order n and defect m is a sequence m − S n = (s 1 , s 2 , · · · , s 2n−2 ) of 2n − 2 non-negative integers such that the following conditions hold:
Introduction
The problem to be discussed in this article can be traced back to the work of Th. Skolem. In 1957 ( [21] ), while studying Steiner triple systems, Th. Skolem considered partitioning the integers {1, 2, · · · , 2n} into n pairs (a i , b i ) such that |a i − b i | = i for all 1 ≤ i ≤ n. He showed that such a partition exists if and only if n ≡ 0, 1 (mod 4). For example, for n = 4, we get the partition (1, 5) , (2, 4) , (3, 6) , (7, 8) . These partitions were later written as a sequence by Nickerson ([10] ). For example, the above partition may be written as the sequence (4, 2, 3, 2, 4, 3, 1, 1). These sequences are now referred to as Skolem sequences of order n.
Skolem also considered partitioning the integers {1, 2, · · · , 2n − 1, 2n + 1} into n pairs (a i , b i ) such that |a i − b i | = i for all 1 ≤ i ≤ n. When such a partition is written in Nickerson's form, we need to place a 0, or "hook", in the second last position of the sequence. For example, for n = 3, the partition (1, 4) , (2, 3) , (5, 7) gives us the sequence (3, 1, 1, 3, 2, 0, 2). These sequences are known as hooked Skolem sequences of order n. O'Keefe, [12] , showed that such a sequence exists if and only if n ≡ 2, 3 (mod 4). A more general form of a hooked Skolem sequence is an extended Skolem sequence of order n. In this sequence, the hook may occur anywhere. In [2] , Baker showed that the necessary conditions for the existence of this sequence were also sufficient.
In [22] , Stanton and Goulden used a pairing concept for the purpose of constructing cyclic Steiner triple systems. In that paper they introduced the notation P (1, n)/m, which denotes a partition of the integers {1, 2, · · · , 2n−2} into n − 1 pairs such that each of the integers {1, 2, · · · , m − 1, m + 1, · · · , n} appears exactly once as a difference amongst the pairs. When written in Nickerson's format, these partitions are known as m-near-Skolem sequences of order n and defect m. Billington, [4] , introduced similar notation, P 2 (1, n)/m− {j, k}, which is a partition of the integers {1, 2, · · · , 4n}, except j and k, into 2n − 1 pairs such that each of the integers {1, 2, · · · , m − 1, m + 1, · · · , n} appears exactly twice as a difference, while the integer m appears exactly once. These partitions are equivalent to (p, q)-extended m-near-2-fold Skolem sequences of order n. Billington uses these partitions to construct balanced ternary designs. A balanced ternary design, BT D, is a pair (V, B), where V is a set of v elements and B is a collection of blocks of size k such that each element in V occurs 0, 1 or 2 times in each block. We define the index of the design as
n im n jm , where 1 ≤ i < j ≤ v and n im denotes the number of times the element i occurs in block m. In particular, she used the pairings of the form P 2 (1, m/2)/(m/2) − {m/2 + 1, 3m/2 + 1} to construct balanced ternary designs with block size three and index two. She used these pairings to construct m − 1 triples of the form {x i , y i , z i }, where
She then used these triples to construct blocks of the form {0, x i , z i } (mod 3m), in addition to {0, 0, m} (mod 3m), which were base blocks of a BT D of order V = 3m and index 2. For example, for V = 12, the pairing P 2 (1, 2)/2 − {3, 7} can be used to construct the triples {1, 2, 3}, {1, 5, 6}, and {2, 3, 5}, which gives us base blocks {0, 0, 4}, {0, 1, 3}, {0, 1, 6} and {0, 2, 5} (mod 12).
Another generalization of Skolem sequences are Langford sequences. Introduced by Langford , [5] , a Langford sequence of order n and defect d is equivalent to a Skolem sequence of order n with the exception that the smallest integer in a Langford sequence is d instead of 1. For example, the sequence (3, 4, 5, 3, 2, 4, 2, 5) is a Langford sequence of order 5 and defect d = 2. This sequence is also known as a perfect Langford sequence. A hooked Langford sequence of order n and defect d is a Langford sequence with the second last position of the sequence containing a hook. The length of these sequences is
It was while working with Langford sequences that Priday, [13] , introduced the concept of a looped set. Informally, a set {d, d +1, · · · , n} is called a looped Langford set if there exists two Langford sequences of order n and defect d, one with a hook two places from the last entry of the sequence and the other with hooks two places and one place from the last entry. In [19] , Shalaby and Stuckless refer to these sequences collectively as a looped Langford sequence of order n and defect d. For example, given the set {2, 3, 4, 5}, we can form the sequences (2, 4, 2, 5, 3, 4, 0, 3, 5) and (3, 5, 2, 3, 2, 4, 5, 0, 0, 4). Linek and Jiang, [7] , use a more general result to indirectly show that the necessary conditions for the existence of looped Langford sequences are also sufficient for the case when d = 2.
Using the sequences introduced by Billington and Priday as motivation, we prove that the necessary conditions are also sufficient for the existence of (2n − 3)-extended m-near-Skolem sequences (equivalent to P (1, n)/m − {2n − 3}) and hooked (2n − 2)-extended m-near-Skolem sequences (equivalent to P (1, n)/m − {2n − 2, 2n − 1}). The following sequences are examples of a 9-extended 4-near-Skolem sequence of order 6 and a hooked 10-extended 4-near-Skolem sequence of order 6, respectively: (6, 3, 1, 1, 3, 5, 6, 2, 0, 2, 5) and (6, 2, 5, 2, 1, 1, 6, 5, 3, 0, 0, 3). We then use these sequences in the construction of other generalizations of Skolem sequences.
Preliminaries
In this section we state some preliminary definitions and theorems. 
) such that the following conditions hold:
This sequence is also known as a perfect Langford sequence. The length of the sequence is defined as l = n − d + 1. 
) of a Langford sequence with the added conditions
l 2(n−d+1)−1 = k 2(n−d+1) = k 2(n−d+1)+1 = 0.1. for each k ∈ {1, 2, · · · , m − 1, m + 1, · · · , n} there exist exactly two ele- ments s i , s j ∈ S such that s i = s j = k 2. if s i = s j = k, then |i − j| = k
Necessity
In this section we find the necessary conditions for the existence of O 
Adding (a) and (b) together gives us
Since the left hand side of the equation must be an integer, the number (5n 2 − 5n − 2m + 6) must be divisible by 4. Solving for n and m we obtain the necessary conditions.
Similarly
Adding (a ) and (b ) together gives us
Sufficiency
In this section we show that the necessary conditions given in Theorem 10 are also sufficient. The main results are found in Theorems 13, 14. In this section, we make use of a method incorporated in [3] , where the authors note that two hooked sequences can be hooked together to form a sequence with no hooks. This is done by "hooking" the first sequence together with the reverse of the second. The last entry in the first sequence replaces the hook in the reverse of the second and the first entry in the reverse of the second replaces the hook in the first. For example, (3, 1, 1, 3, 2, 0, 2) and (1, 1, 2, 0, 2) can be hooked together to give (3, 1, 1, 3, 2, 2, 2, 2, 1, 1). Proof: Let n = 8s, where s ≥ 1. For s = t = m = 1 we can construct a looped Langford sequence of order n and defect d = 2. So we can assume s ≥ t ≥ 2. We distinguish between two separate cases:
Theorem 11
, of order n = 2t − 2. We then place the difference i = 2t in position s 2t−1 of hS 2t−2 (2t − 1) and also at the end . Appending this newly constructed sequence to the end of L Let n = 8s + 2, m = 2t. This is true for all subsequent cases and so we will omit to mention it. For n ≥ m > 4 and n > 10, the solution is given by the following table (ignore the line * when s = 2). 
To complete the proof we need complete listings for n = 10 and n = 2. 5, 3, 10, 6, 3, 5, 7, 9, 11, 6, 1, 1, 10, 4, 2, 0, 2, 4  11, 9, 7, 5, 3, 8, 6, 3, 5, 7, 9, 11, 6, 8, 1, 1, 4, 2 4, 1, 1, 5, 4, 6, 3, 0, 5, 3  6, 3, 1, 1, 3, 5, 6, 2, 0 
To complete the proof we list below the hooked (2n − 2)-extended nearSkolem sequences of order 8 and all required defects: For n = 8 and m = 3, 5, 7: 
Constructions
In this section we show how the sequences O 
Conclusions
In this paper we showed that the necessary conditions for the existence of (2n − 3)-extended m-near-Skolem sequences and hooked (2n − 2)-extended Skolem sequences are also sufficient. We then used these sequences in the construction of other generalized Skolem sequences. Skolem sequences and their generalizations are extremely useful in constructing various combinatorial designs and thus any and all existence results for other generalizations are welcome. Two welcome results would be on the general case for k-extended m-near-Skolem sequences and (p, q)-extended mnear-Skolem sequences (an m-near Skolem sequence with two hooks). Another interesting generalization would be (m 1 , m 2 )-near Skolem sequences, where there are two defects, m 1 , m 2 , as opposed to one. We conjecture that the necessary conditions for the existence of these three sequences are also sufficient. We also note that we have tested these sequences up to large values of n and the conjectures hold. Although these conjectures are not in the literature (to the best of our knowledge), some have been mentioned in several conferences.
Conjecture 1 A k-extended m-near-Skolem sequence of order n exists if and only if one of the following is true:

